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SCATTERING OF ROUGH SOLUTIONS OF 2,0 NLKG 
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Abstract. We prove scattering of solutions just below the energy norm of 
the 3D Klein-Gordon equation 

dttu — /^u + u = —\u\P~^u 
u(0,x) = uo{x) 

dtu{0,x) = ui{x) 
with 5 > p > 3: this result extends those obtained in the energy class [4l ll4|[T5] 
and those obtained below the energy norm under the additional assumption 
of spherical symmetry |19| . It is well-known that the notion of scattering is 
closely related to that of decay. The main difficulty is that, unlike the radial 
case, there is no useful decay estimate available. The idea is to generate 
some decay estimates, by means of concentration [1] and a low-high frequency 
decomposition |2] E] • On low frequencies we use the physical properties of the 
solution and we modify the arguments in 1141 1151 : on high frequencies we use 
the local smoothing properties of the solutions: this, combined with an almost 
conservation law, allows to prove these decay estimates: this is the starting 
point to establish scattering. 



1. Introduction 
In this paper we consider the p- defocusing Klein-Gordon equation on . 



p3 



(1.1) duu-Au + 

with data u{0) — uq, dtu{0) = ui lying in iJ*, H^^^ respectively. Here H'^ is the 
standard inhomogeneous Sobolev space i.e H'^ is the completion of the Schwartz 
space with respect to the norm 

(1-2) WfWn^ ||(i?)VllL^(M3) 

where (D) is the operator defined by 

(1-3) (Dyfio :=(i + i^im) 

and / denotes the Fourier transform 

(1.4) fiO 43 /(x)e-"-« 

We are interested in the strong solutions of the p- defocusing Klein-Gordon equation 

on some interval [0, T] i.e maps w, 9*?/ that lie in C ([0, T], H''{R^)), C {[0, T], H^-^M.^)) 

respectively and that satisfy 
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(1-5) nit) = cos {t{D))uo + '-^^u, - /* !!!<i!^±M|,|P-i(t>(i') rfi' 

The p- defocusing Klein- Gordon equation is closely related to the p- defocusing 
wave equation i.e 

(1.6) dttv — /\v ~ —\v\P^^v 

with data v{Q) = vq, dtv{0) — vi. (|1.6I) enjoys the following scaling property 

(1.7) ^^0(2;) ^ (f ) 

We define the critical exponent Sc '■— | — jzr[- can check that the H^" x 

ijsa-i norm of (uoi'^i) is invariant under the transformation (II. 7p 0- (|1.6p was 
demonstrated to be locally well-posed in [10] and in H" x H^~^, s > | — p > 3 

by using an iterative argument. In fact their results extend immediately to (jl.l[) 0. 
If p = 5 then Sc ~ 1 and this is why we say that that the nonlinearity is 

critical. If 3 < p < 5 then Sc < 1 and the regime is subcritical. 
It is well-known that smooth solutions to (|l.ip have a conserved energy 

(1.8) 

E{u{t)) := i/jgj \dtu{t,x)\^ dx + ^J^-, \Vu{t, x)\^ dx + ^ J^, \u{t,x)\'^dx 
+iTT/R3 \uit,x)\P+^dx 

In fact by standard limit arguments the energy conservation law remains true for 
solutions (u,dtu) G i/* x H^~^, s > 1. 

Since the lifespan of the local solution depends only on the i?" x i?""^ norm of 
the initial data (mo,wi) (see [lOj ) then it suffices to find an a priori pointwise in 
time bound in x H^^^ of the solution (u, dtu) to establish global well-posedness. 
The energy captures the evolution in time of the x norm of the solution. 
Since it is conserved we have global existence of p.ip . 

The scattering theory (i.e the linear asymptotic behaviour of the solution of 
(jl.ip ) in the energy space (i.e with data {uo,ui) G x L"^ ) has attracted much 
attention from the community. In particular scattering was proved in j3l H] 1141 115j 
for all dimension n and for all exponent p that is subcritical and supercritical, 
i.el + ^<p<l + ;^. 

The scattering theory below energy norm (i.e for data in H'' x H'' ^ , Sc < s < 1) 
and in dimension 3 has been recently studied in |19j for radial data. More precisely 
it was proved that the asymptotic behaviour is linear for 3 < p < 5 and for radial 
data in H'^ x H^~^ , Sp < s < 1 with 



^ Here H"^ denotes the standard homogeneous Sobolev space endowed with the norm 
11/11^™ := l|i?'"/IL2(K3) 

^by rewriting for example Ijl.ip in the "wave" form dttu — /\u = —\u\^^^u — u 



SCATTERING FOR 3D NLKG BELOW ENERGY NORM 



3 



(1.9) 



1 _ (5~p)(p-3) 4 > J, > 3 
^ 2(p-l)(6-p)' ^ > P - * 



In this paper we are interested in proving scattering results for general data 
below the energy norm and in dimension 3. The main result of this paper is the 
following one 

Theorem 1.1. Let 3 < p < 5. Let (uo,wi) £ H'' x LL'^^ and A>0 such that 
(1.10) \\{uo,ui)\\hs^h^-i <A 

Then there exists s :— s{A,p) < 1 such that the solution of the p-defocusing Klein- 
Gordon equation on M'^ with data (uo,Ui) exists for all time T in x H^^^, 
1> s > s. Moreover it scatters as T goes to infinity, i.e there exists (m+_o,w+,i) G 
X i/^-i such that 



(1.11) ^li^ II {u{T),dtu{T)) - K{T){u+,o, u_,o) 



and 



(1.12) ||/u||^2,p-i)-^2(p-i)+(jj^ <aI 
Here 

(1.13) i.(T):.f-^(^<^)) ^ ] 

V -{D)sm{T{D)) cos{T{D)) J 

and {2{p - l) — ,2{p— 1)+) e (a^, 2(p — 1)) x (2(p — 1), bp) (for ap and bp to be 
determined) that satisfy rt^pli-j^ + 2(p-i)+ ~ i ~ *c = ^jzrj □ 

Remark 1.2. (1) On can find an an explicit value of s if one reads carefully 
the proof of Theorem Nevertheless we have decided not to do this in 
order to make the paper easier to read. 

(2) s grows to one as A goes to oo. 

(3) The reader can check, after reading the proof of Theorem \l.l\ that 

• Op decreases and bp increases as p grows 

• limp_,3+ (ap,5p) = (2(p - 1), 2(p - 1)). 

We set some notation that appear throughout the paper. 
Let V denote the gradient operator. If w is a smooth function then 

(1.14) 

ZraAJ^w) := sup ||at(Z?)-™/w;||i,(j)i. + ||(i?)i-™/w;|U,(j)ij 

wave adm 

and 



■^Nevertheless, because our primary goal is to prove scattering and to use the decay estimates 
(such as 111.1211 ) as tools, we have chosen not to determine ap and bp; it is left to the reader. He 
can check, after reading the proof of Theorem ll.il that decreases and bp increases as p grows; 
limp_>3+ ap = 2{p - 1) and limj,_^^+ bp = 2(p - 1) 
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(1.15) Z{J,w) := sup„g[o^i] Z™^s(J,u;) 
We write F(w) for the following function 

(1.16) F{w) := \w\P-^w 

If w is a solution of (jl.ip with data {wa,wi) then w{t) = w'^"{t) + u)"'™(t) with 

(1.17) «;""(*) :=cos(^(J))^;o + ""ly^^ ^^i 
and 

(1.18) «;"""(i) := -/o ""%f^''^ f(w)rfs 

If (C, Q) G (R+)^ then let -'^c,q ■— Yo where (li)o<i<m is an element of the class 
of sequences {Zi)o<i<m satisfying 



(1.19) 

Let / be the following multiplier 




(1-20) //(O ■■^miOhO 

where m{^) := rj ^^^^ , ry is a smooth, radial, nonincreasing in |^| such that 



(1.21) ,7(0 



1, iei<i 



and iV >> 1 is a dyadic number playing the role of a parameter to be chosen. We 
shall abuse the notation and write ?tt-(|'CI) for thus for instance m{N) = 1. If 

If is a function and B{xq, R) := {x G M, \x — xq\ < R} then 

E{Iw) := \ Jj^s |9t/w(a;)|2 dx + ^ /^a \Iw{x)\'^ dx 
^ ' H /«3 \VIw{x)\' dx + ^ ^3 \Mx)r' dx 

(1.23) 

E{Iw, B{xo,R)) := i fl) |9t/w(x)|2 + i /^(^^ |/u;(a;)|2 da; 

+i lBi....R) NM^)\' dx + ^^ /^(^^^^^ |/,«(x)|^+i dx 

and 

(1.24) -Bc(/w) i /„3 |at/w(a;)|2 + i /^^ \Iw{x)\'^ dx + ^ J^-, |V/w(x)p dx 

Some estimates that we establish throughout the paper require a Paley-Littlewood 
decomposition. We set it up now. Let be a real, radial, nonincreasing function 
that is equal to 1 on the unit ball |^gM'^: I'^l^l} and that that is supported on 

G : 1^1 < 2}. Let V denote the function 
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(1.25) 



m ■■=m-m) 



If {M, Ml, M2) G 2^^ are dyadic numbers such that A/2 > Afi we define the Paley- 
Littlewood operators in the Fourier domain by 

• if M > 1 



(1.26) 



if Af = 1 



(1.27) 
and 



(1.28) 



Since m + E 



P<Mf{0 

PMiK.KAhf 



fiO - P<Mf{0 

P>M2.f - P<Mif 



Me2" 



ip [jj] = 1 we have 



(1.29) 

Notice also that 



/ — J2Me2« P^f 



(1.30) 



/ =P<Mf + P>Mf 



Throughout this paper we constantly use Strichartz-type estimates (see [8j [131 US] 
) 

Proposition 1.3. "Strichartz estimates for Klein-Gordon equations in 
LlU^ spaces" [19] Assume that w satisfies the following Klein-Gordon equation 
on R3 



(1.31) 

LetT> 0. Then 



dttw — Aw + w = Q 
w{0,x) — wa{x) 

dfw{0,x) — wi{x) 



(1.32) 

LI L- (10, T]) + \\dt{D) ^w||l?L«([0,T]) + lkllL~ff-[0,T] + ll^t w|| L~ff".-i [0,T] 

< Ikollff™ + IkillH—i + \\Q\\lIlU[o,t]) 
under the following assumptions 
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• (q, r) is m- wave admissible, i.e {q, r) G (2, oo] x [2, oo) and ^ + < ^ and 
it obeys the following constraint i + ^ = | — m 

• {q,r) ^ (2,oo) 

. satisfies i + i = 4 + 1 = 1 anrfi + f- 2= i + f. 

Next we recall some propositions 

Proposition 1.4. "Mollified energy at time is bounded by A^^^^"*) " [19] 
Let w be a solution of il.l]) . Then there exists a constant Ce > such that 

(1.33) Eilwo) < TV^d-) [\\w,rH. + \\w,\\l^_, + ||^,o||S') 

In particular, if w is a solution of (QHP with data [wq , Wi ) satisfying il.lO\) with 
A> 1, then there exists a constant Ce such that 

(1.34) E{Iwa) < C£;7V2(i-^Up+i 

Proposition 1.5. "Almost Conservation Law " [19. Assume that w satisfies 
U.l\) . Let J — [a, b] be a time interval. Let 3 < p < 5 and s > . Then 

(1.35) 



\supt^j E{Iw{t)) -~E{Iw{a))\ < \JjJ^3 \^idtIwiIF{w) - F{Iw)))\dxdt\ 

Remark 1.6. In fact, if one looks carefully at the proof of Proposition \1.5\ on 
notices that 

(1.36) 



\supt^j E{Iw{t)) -E{Iw{a))\ < \ JjJ^3 \^{dtIw{IF{w) - F{Iw)))\dxdt\ 



with Z{J, w) := SUP^^rp 1 p-3 3P-5-I Zm,s{J^ 

Proposition 1.7. "Estimate of integrals" [19] Let J be a time interval. Let w 
be a smooth function. Then for i = 1,2 we have 



(1.37) mj,w)\ ^^^S^ 

with 



N 2 



(1.38) R,{J,w) := /,43 ^I^ffl^ {F{Iw) - IF{w)) 

and 



dxdt 



(1.39) R,{J,w) IJ^3 ^ {F{Iw) ~ /F(^)) 



dxdt 
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Proposition 1.8. "Almost Morawetz- Strauss Estimate" [19] Let w he a so- 
lution of Let xq G and let T > 0. Then 

(1.40) 

lo /e3 ^'t-tr < sup,,[o.T] EiMt)) + i?i([0, T],w) + i?2([0, nw) 

Now we explain the main ideas of this paper. 

In [Ml [15], the author found for all dimension n an upper bound of the L^L!^ 
norm of the solution of (jl.ip with data in the energy class (i.e (uq, ui) € il^ x L^) 
by a tower-exponential type bound of the energy and for some (g :— q{n),r :— r{n)) 
only depending on the dimension n: this decay estimate was the preliminary step 
to prove scattering. A natural question is 

Is it possible to prove decay estimates of this form (or a modified form) in the 
subcritical case and for rough data (i.e for data {uo,Ui) G x H^~^, Sc < s < 1) 



Because, if this is possible, then it might help us to prove scattering of solutions 
of (II. ip with rough data, by analogy with the scattering theory for data in the 
energy space. This paper gives a positive answer to this question, at least for s 
close enough to one. 

Of course, one cannot use the energy conservation law as because it can be infinite 
on LL^ X H^^^, s < 1. Instead we work with a mollified energy (defined in (jl.22|) ) 
that is finite in these rough spaces (see Proposition II. 4|) and that is expected to 
be almost conserved Q: this is the /-method, introduced first in [5] to study global 
existence of rough solutions of semilinear Schrodinger equations and inspired by 
the Fourier truncation method, designed in [2]. Since we basically introduced this 
multiplier / to make the energy finite, we aim at proving decay estimates involving 
not only u but also I. It was proved in [19] that, under the additional assumption 
of radial symmetry, we can control pretty easily ||/m||^p+2^p+2j^jj^ by combining the 
"Almost Morawetz- Strauss estimate" (|1.40[) with a pointwise decay estimate around 
the origin (a radial Sobolev inequality). Unfortunately, there is no useful pointwise 
estimate to our knowledge in the general case and we shall prove that, by means 
of concentration 1 , that a large number of norms are bounded. Several difficulties 
appear: we mention them now. 

First we need to identify the norms we would like to control: we realize, after 
some tries, that the right candidates are \\Iu\\ j^2(p-i)- j^2{p-i)+ with 

{2{p - 1)-, 2{p - 1)+) defined in TheoremO' 

Then we have to control the errors generated by this multiplier /, not only in 
order to establish upper bounds (see for example (|5.63p ) but also lower bounds 
(see (|5.65p ). These bounds should not depend on time T, if not it would kill the 
scattering: this can be done by letting the estimates only depend on the parameter 
N, taking advantage of the local smoothing properties of the solutions. If we 
neglect, in a first approximation, the variation of the mollified energy in order to 



since the multiplier approaches the identity operator as N goes to infinity 
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estimate the norm ,2(p-i)- ,2(p-i)+, we expect to find a tower-type exponential 
bound of this norm, by analogy with the bound of the LfL^ norm of the solutions 
of (|l.ip with data (uq, ui) e x L^, say formally (by using (11.33^ ) 



(1-41) o(p-i)-,2(p-i)+ < {{N'-'Ar 



for some a > 0. Then combining this bound with the polynomial decay ( — — ) 

of the almost conservation law we expect to find after iteration of the local theory 
(see Proposition [52]) an error of the form 



(1.42) 



and it seems at first sight that there do not exist sq :— so{p) < 1 and N :— N{A,p, s) 
such that we can make the error smaller than the upper bound iV2(i-«)AP+i (see 
Proposition 11.41) of the mollified energy at initial time for s > sq, since the de- 
nominator grows polynomially whereas the numerator grows exponentially. Notice, 
however, that 



(1-43) lim.^,_ (^^-^^^r :f ^ _JAn^ 

Ar2(i-3)^p+i^— 2— Ap+^N^ — 

and therefore, choosing N := C ((A")^°) (with C := C{p) » 1), we see that 
there exists si := si{A,p) < 1 such that the error is small compare to N'^('^~'''> A^^^ 
for si < s < 1: this is why the range of s for which there is scattering is expected 
not only to depend on p, but also on the size of the initial data (i.e A) : see Theorem 

Lastly we deal with quantities that are not conserved. This implies that we 
have to modify significantly the induction on energy method designed in [T], in 
order to establish a finite bound of ||/m||^2(p-i)-^2(p-i)+ . In particular, we design a 
relation that allows to control not only ||/i(j||^2(p-i)-^2(p-i)+ but also supjgR £^(7?/;) 
(with w solution of (|1.1[) ), assuming that we control the mollified energy of w 
at one time (see the definition of Vcqil), just below (|2.29l) ) and the goal is to 
prove that this relation is true for large levels of mollified energy at one time by 
induction, using the small mollified energy (at one time) theory: see Proposition 
12.41 Also, one has to make sure that the methods of concentration, combined 
with the Almost Morawetz-Strauss estimate, allow to make the mollified energy 
decrease at one time at a non-decreasing rate if the L^*"^ L^*"^ norm of the 
solutions is large, in order to reach the small energy level and apply the small 
energy theory (see Proposition l2.4p . In order to do that, we have to prove that the 
variation of the mollified energy is small enough in order to construct a solution of 
which the mollified energy is smaller than the initial one by a nontrivial amount ( 
{N'^'^rjiA"^)'^ , see for example (|2.4I) ), and this is why we introduce the parameter 
/3: see (I2.10p . (|2.40l) and (I5.17p . The remainder of the argument is based upon a 
modification of arguments in |14[ 115] . modulo errors. 

Acknowledgements : The second author would like to thank Kenji Nakanishi 
for providing him with explanations regarding [141 115] while he visited Courant 
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Institute in March 2010. This work was done while the first author worked at 
Princeton University. 

2. Proof of Theorem 11.11 
Let eo > be a fixed constant (say eo = -j^qq )- 

In this section we prove Theorem 1 1.1[ assuming that the foUowing propositions 
are true Q. As it was pointed out in the introduction, we modify significantly an 
inductive argument ( see [l][T4l|T5] ). Unlike the energy space, we have to make a 
balance between the decay of the mollified energy at a given time and the growth 
of it, at each inductive step. 

Proposition 2.1. " Separation of the localized mollified energy " Let A>1. 
Let J C [0, oo). Let wi be a solution of flj]) . Let (C, Q, M) e R+ x M+ x [100, oo). 
There exist rji := 771 (p) > 0, a := a{p) > 0, a := a(ji) and Ci :— Ci{p) >> 1 such 
that if 

(2.1) sup.gj E{Lwi{t)) < (CisiV2(i--)AP+i - l{l - eo){N'-'f],A-'r) (1 + /?) 

(2.2) II^^'IIlJ(p-i'-l^<''-i'+(J) ^ 2Xc,q 
and 

(2.3) ||/w/||^2(p-l)-^2(p-l)+(^^ >g{^l'^ie ) 

then there exists T; G J and vi, solution of the free Klein- Gordon equation, that 
satisfy 

(2.4) E{Lwi- Ivi.Ti) < CEiV2(i"'')v4P+i - (; + 1)(1 - eo)(iV"-i?7iA-i)" 

(2.5) E,{vi,Ti) < {N'^-^r^iA-^r 
and 

(2.6) ll^^'llLf--i'^L^(''-i'+(T,,fc) ^ M^^^" 

assuming that {N, s) satisfies the following conditions 

(2.7) j^i-s^^iA^lm^^l)}^ =o(7V-^iA-i)" 

(2.8) iN^-^Afr-^ <<1 



d 



an 



(2.9) ixc,c,ri^-->-iN^-'A^r «i 

Af~2^" 



Recall that Ce is defined in Proposition [L4] 
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Here 

Proposition 2.2. "Local Boundedness" Let A > 1 and let J C [0,oo) be 
interval. Let wi be a solution of iLl\) . Assume that there exist (C, Q, a) £ 
such that \2.1\) and 112. 2\) hold. 

Then there exist rjQ > such that if rj < rjQ and 

(2.11) ||/w;||^2(p-i)-^2(p-i)+^j^ <rj 

then 



(2.12) z{J, wi) < ((CBiV2(i-«)^p+i „ _ ^ , 

with 13 is defined in \2.10\) . provided that (N, s) satisfies 



an 
3 



Proposition 2.3. "Perturbation argument" 

Let A > 1 and J := [a,b] C [0,oo) be an interval. Let Ti £ J. Let wi be a 
solution of \L1\) . Assume that there exist (a, C, Q) £ (R+)^ such that \2. 1\) and 
h2. 2j) hold. Let vi be solution of the linear Klein- Gordon equation such that 

(2.13) Ecilvi) < (iV^-iA-i)" 

Let Wi^i be a solution of U.l\) with the same initial data as wi — vi at t = Ti. 
Assume that 

(2.14) 

suptgj Eilwi+iit)) < (Ci;iV2(i-.)^p+i _ (1 ^ „ eo)iN'-^rjiA-^r) (1 + /3) 

(with rji defined in Provosition \2. 1\) and that there exists a constant L(l + 1) such 
that 

(2.15) ll-^^'+iliLf^-^'-L^ip-i'+CJ) <^(^ + l) 

< Xc,Q 

Then there exist C2 := 6*2(7?) >> 1 and C := C(jj) » 1 such that if 

(2.16) ^ ^ ^C2L(l + l) + l 

and 

(2.17) ll-^^'lli^(p-i)-i^(p-i)+([T,,fc]) <^ 
then 

(2.18) ||/w;||^2(p-i)-^2(p-i)+^jy^_^j^ < L{1 + 1) 
provided that (TV, s) satisfies ^2. 8]) and 
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tiiif/i 770 defined in Proposition \2.2\) 
Here, again, j3 is defined in 12.10\) . 

Proposition 2.4. " Initial mollified energy small implies control of \\Iw\\ ,2(p- 

and control of supj^jj " Assume that w satisfies (OUP and that there 

exists {i,ti) G N X M such that 

(2 20) ^iMU)) <CeN^^^~'^Ap+^ -i{l-eo){N'-^ri^A-^r 

— 

then 

(2.21) \\Iw\\^2^,-^,-^^^^,-^n^^^ < 1 
and 

(2.22) supt^^ E{Iw{t)) < {CeN^^^-')Ap+^ - i{l - eo){N'-hnA-^r) (1 + /?) 
provided that {N, s) satisfies 

(2.23) 2iC.N^^^-^J_A^)^ ^ 

Let (C,Q) e (M+)2. Let Co » 1 and iV max (iVi, iVs, A^3, A^4, ^5) with 

(2.24) TVi Co(v4-i7?i)^^+A«^+ 



(2.25) CoA^ + 

(2.26) 7V3:=Co(Xc,g)^+A^+ 

and 



(2.28) N, Co ((2Xc,Q)2(P-i)-2(C£^P+i)4ieo"'('7i^-')-") 

Let s := s(A, C, Q,p) < 1 be such that N^^" 1 for s > s{A,C,Q,p)E- Notice 
that, for this range of s and for this value of N, ^J^, jlH), ([2T9)) and (12:23)) 

are satisfied ( if Cq is large enough). Observe also that the following condition is 
satisfied 



"C and Q will be chosen shortly so that eventually s will only depend on A and p 
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(2.29) (2Xc,^)-(^-^'-2(c.A^-(^--)A^+^)^ 

since N > N^. Next we define the following statement of induction for {N,s) 
prescribed above: 

Vcqil) is the following: For i > I, let Ci be the following set 
(2.30) 

_ J Wi solution of 
' = 1^*' eM+ s.t E (Iw.iU)) < CeN^^^-'^Ap+^ - t{l - eo){N'-huA-^)'' 

with 771 defined in Proposition 12. II Then there exists an L := iAr,yi(*)Q such that 
(2.31) inf [C, Wi e Ci and ||/mi||^2(p-i)-^2(p-i)+^g+^ < C*} = ^(i) 



(2.32) L{i) <Xc,Q 

and 

(2.33) 

sup,gR+ E{Iw,{t)) < (Cb7V2(i--)Ap+i - i{l - eo){N^-'f^iA-^r) (l + |) 



We shall prove that Vc.qil) is true for some constants C :— C{A,p) and Q := 
Q{A,p) (to be chosen shortly), for all ^ ^^p+i+a > ^ > 0: this will be done by 
induction on /. Once we have proved that V{1) is true for this range of I, then 
this implies that we have supjgj|_|_ £'(/M(t)) <^ 1, ||^w||^2(p-i)-^2(p-i)+^^^^ <a 1: 
indeed, it is enough to apply Vc,q{0) to u, using (|1.33p . In fact, we also have 
supigK £'(/tt(t)) <A land \\Iu\\^2{p-i)- ■^2{p-i)+ <a 1 , by time reversal symmetry. 
Indeed, notice first that it is enough by time reversal symmetry to establish these 
bounds restricted to [ti, 00); then it is enough to apply VcqiO) to u 

• Vcqi^ ^p+i+a) jg true: it is enough to apply Proposition 12.41 

• we want to prove that Vcqil + 1) =^ 'Pc,q{1)- Let T > ti. We shall first 
prove that the bounds p.3ip and (j2.33p hold if we are restricted to [ti , T] 

Then it is enough to let T go to infinity in order to fully prove (|2.3ip 
and ([233]) . 

We introduce 



^There are two important points. First the upper bound L(i) does not depend on the function 
w G Ci. Second L depend on the integer i: N and A are fixed parameters. This is why N and 
A are subscripts, in the definition of L. In the sequel we forget these subscripts, to make the 
argument easier to read 

^The reader can check that the bounds 112.3111 and 1 12.3311 also hold if we are restricted to [T ,ti] 
(for t' <ti) by slightly modifying the proof of ^T3l\ and l(03)l on [*;, T]. 
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(2.34) 

s^Pte[t:,T']E{Iwi{t)) < 
t' e [ti, T] : (C£iV2(i--Uf+i - 1{1 - eo){N'-'mA-Y) (l + |) 

\\IWi\\L^^(p-^)-Ll(p-^)+^[ti,T']) - ^C,Q 

We want to show that Ft = [ti , T] . Indeed 

— Ft^% since ti e Ft, by (^301) . 

— Ft is closed by continuity 

— Ft is an open set of \ti,T]. Let T' G Fy. By continuity there exists 
(5 > such that for all T € {T' - 5X ^ 5) ^ [ti,T] we have 

(2.35) 

sup,g[,,^r'] S(^^«i(0) < (C£7V2(i--)AP+i - ^(1 - eo){N'-^f^iA-^r) (1 + /3) 
and 

(2.36) ||/wi||^2(p-i)-^2(p-i)+^jj^ < 2Xc,Q 

We divide [t;,r ] into subintervals {Jj)i<j<m such that ||^2(p-i)-^2(p-i)+j,j^ 
770 and ||7zz;/|| 2(p-i)- 2(p-i)+, , < r]o- By Proposition [2?2] and (|2.35p 
we have 



(2.37) Z{wi,J,) < [(C£;iV2(i-.)^p+i _ _ ^ 2 

Now, by applying Proposition ll.Si (j2.29p and (|2.36p we see that in fact 

(2.38) 

sup,g[o^j,.] E{Iwi{t)) < (CBiV2(i--)AP+i - ;(1 - eo){N^-'r^,A-^r) (l + f ) 

Let Af be such that m C2i.a+i)+i ( with a, a and C2 defined 
in Proposition 12. 31) . If ||/w/||^2(p-i)-^2(p-i)+|.jj^ > 2B then this im- 
plies that there exists Tq G [<;, T ] such that ||/w/|L2(p-i)- ,2(p-i)+,, ,n > 
B and |li2(p-i)-^2(p-i)+^jj,^ > B. There are two options: 
Case 1 

(2.39) B > e(CiA/eCi("'-=^)°)^i(«'-=^)" 

with Ci defined in Proposition 12. II Then, in this case, applying 
Proposition 12.11 to J = [i/ , Tg] , we see that there exists T; G J 
such that 

(2.40) 

E{Iwi - Ivi,Ti) < (C£;A^2(i-.)^p+i _ 1(^1 _ eo)(7V''-i^^A~i)") (1 + ^) - (A^^-iA^i)" 
< C£;7V2(i-^)AP+i -{1 + 1)(1 - eo){N''^r]iA-^)" 

by our choice of /3 (see (|2.10p ) and 
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(2.48) ll^^'llLf'-i>-L^<''-^'+([0,T']) -^C,Q 

, by using Proposition 12.41 

Therefore 7^c,q(0 holds, for these vahies of C and Q. 
Global existence 



(2.49) suptg[_-r,T] E{Iu{t)) <a 1 
and 

(2.50) ||/u||^2(p-i)-^2(p^i)+(j_^,j,j^ <A 1 
Now by Plancherel and (1^^ 

\\iuiT),dMTmh^Hs-^ <E{Iu{T)) 

^ ^ <A 1 

This proves gfobal well-posedness of with data (uo,ui) G -H^* x H^^^ such 

that ||(Moj'"i)lli/^xif=-i < ^ and 1 > s > s := s(A,p). Moreover by letting T go to 
infinity, we have in fact 

(2.52) sup,gR£;(/u(i)) <aI 
and 

(2.53) |l/u||^2(p^i,-^2(p-i)+(g^ <A 1 

This implies that Vc.q{1) is true. 
Global estimates 
Now we claim that 



(2.54) Z^,s{R,u) <aI 

for all < m < s. Let V :— {Ji — [a/, 5/])i<;<l be a partition of [0, oo) such that 
||/u||^2(p-i)-^2(p-i)+j.j^^ = rio, I < L and ||/u||^2(p-i)-^2(p-i)+^^^^^ < ryo- 

(2.55) ||Ju||^2(p-i)-^2(p-i)+(j^) < 770 

with 770 defined in Proposition 12.21 Notice that this implies that L <a 1 by (|2.53p . 
Moreover by slightly modifying the proof of Proposition 12.21 we see that 

• if m = then Z„j_s(J/,u) <^ 1: it follows from (|2.52p 

• m — Sc'. by slightly modifying (j4.3p 



(2.56) < ^1-.^^ 

by a continuity argument and our choice of N. 
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• < m < Sc- it follows by interpolating between m — Sc and m ~ 

• m — 1: again, by slightly modifying the proof of Proposition 12.21 we have 



(2.57) 



N' 



-Zi,s(Ji,w) + 



N 2 



AT" 



<A 1 

by a continuity argument and our choice of N 
• if Sc < ™ < 1 then Zm,siJi, u) < N^~'^A^ <a 1: if follows by interpolat- 
ing between m = Sc and m — 1. 

Therefore, iterating over I, we get (12.541) . 

Scattering 

Let 



(2.58) 
(2.59) 

(2.60) 
and 

(2.61) 



Kit) 



v{t) 



u{t) 
dtu{t) 



Uq 
Ul 



COS {t{D)) 



(D) 



-{D) sin {t{D)) cos {t{D)) 



u„i(i) 



\ cos (it -t){D)) {\uY>-\t)u{t)) dt I 



Then we get from (|1.5 



(2.62) v(t) = K(i)vo - u„i(i) 

Recall that the solution u scatters in x iJ"^^ if there exists 



(2.63) 

such that 



v+.o 



(2.64) l|v(t)-K(t)v+,oI|^.,^.-, 

has a limit as i — > oo and the limit is equal to 0. In other words since K is bounded 
on iJ* X H^^^ it suffices to prove that the quantity 
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(2.65) ||K-i(i)v(0-v+^o||^.,^,_, 

has a limit as i — >■ c» and the limit is equal to 0. A computation shows that 



(2.66) K-i(i) 
But 



cos {t{D)) -^JRilL£}l 
{D)sm{t{D}) cos {t{D)) 



(2.67) K-i(i)v(t) = vo -K-i(i)u"""(t) 

By Proposition [L3] 



(2.68) 

||K-l(ti)u"""(ii) - K-l(t2)u"""(i2)|k.xff=-i < ||u"""(tl) - U"""(i2)||if.xff= 

L7^Lj^([ti,t2]) 

<\\{Dy-^i{\ur'u)\\ ^ ^ 



L/+°Li-=([ti,t2]) 

But, plugging (D)!-" into (|L32)) . we get 
(2.69) 

^ Zs.s[[tut2\,u) M|7u||^,,^_,,„^,(^„„^^j^^_^^j^ + j 

<7 iU +1 Wllr IIP-i I 

< z,,,([^l,^2],^^) (^l|/«ll^2(.-.,-^2<.-.H(j,^^,^,) + 

Therefore in view of (P35)) . (E3i|) . ((^IMl) and (I^TM)) . we see that the Cauchy 
criterion is satisfied by K^^(i)w(i) and we conclude that K^^(t)w(t) has a limit 
in X H^^^ as i goes to infinity. Moreover 

(2.70) ^hm ||v(i)-K(t)v+,o||^.x^=-i =0 

with v+.o defined in p.63p . 



(2.71) ^+,0 :=uo + r^^iHiP(l"r^(i')«(t')) 



and 



(2.72) := ui - /o°°cos(t'(i:>)) (|u|P-i(t')M(t')) dt' 
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3. Proof of Proposition 12.41 



In this section we prove Proposition [23 
The proof is made of three steps: 



• Control of ||/w||^2(p-i)-^2(p-i)+|.jj, : by looking at the proof of Proposition 



we realize that 

(3-1) I + ^ 



<^+(zP,,(«;,R) + ^M| 
where we used the Sobolev embedding 



(3.2) 



' ^ ' if ^> lJp'^ (K) 

and, by a continuity argument, we have ^^^^^(M, ui) < 1 hence 



(3.3) ||/u;||^2(p-i,-^2(p-i,+ (^^ < 1 

• Control of supjgR E(Iw(t)). 
We define the set 

(3.4) 

F {t e M, sup,g[_r,j,j E{Iw{t)) < (C£;iV2(i-.)^p+i _ _ eo){N'-'mA-^r) (l + f ) } 

— F ^$ since Ti e F 

— F is closed by continuity 

— F is open: given T £ F, there exists by continuity 5 > i) such that for 
T' G {Ti,T + S) 

(3.5) 

supig[_j,' J,'] £;(/u)(t)) < (Ci;A^2(i-.)^p+i _ _ eo)(A^""'?7iA-i)") (1 + /3) 

Using p.Sp and p.3p . we see that, by looking at the proof of Propo- 
sitionO that Zm,siw, [-T ,T']) « 1 for aU m e [0, 1], since {N, s) 
satisfies (|2.8p . Combining these bound with Proposition ! 1.51 and (|2.20p . 
we see that in fact 

(3.6) 

snp,^^_T>y] E{Iw{t)) (Cb7V2(i--)Ap+i - ^(l - eo){N^-'rjiA-^r) (l + |) 
since {N,s) also satisfies (|2.23p . 



4. Proof of Proposition 12.21 
In this section we prove Proposition 12.21 Let 

(4.1) Y := {{CeN^-'Ap+^ - l{l - eo){N'-^A-^)'') (1 + ^)) ' 
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Plugging (D)'^-"U into (fL32|) we have 

(4.2) Z^M.m) <Y+\\{Dy-^^I{\wi\P-'wi)\\ ^ ^ 

Lj La- (J) 

There are five cases: 

• m = 0: it follows from p.ip 

• m — Sc- we have 

(4.3) 

L^" Li '■=(.}) t ^ y ) 

<Y + Zs^_AJ, ^OII^dl^2(p-l)-^2(p-l)+,.^. 

<Y + Zs.M^Wl) (^||/'«ArWi|l^j(l-l)-^2(p-l)+(^^ + \\P>NWl\fj~^Jp-l)-^2ip-l)+^j^ 

( , ' iK^>'"-'=^-'r2(Ci)-,2(p-i,+„A 

<r + Z.,,(J,^.0(l|/^"HI5<U-^2(p..H(,^ + ^ts^^^ 

\ TV 2 / 

Therefore, by a continuity argument, we conclude that 

(4.4) Zs^^s{J,wi)<Y 

• Q < m < Sc'. It follows by interpolating m = Sc and to = 

• TO = 1. We have 

ZraAJ,y^l) <y + \\I{\^lY'-^m)\\LlLl(J) 
<Y+\\\wi\P'^Wl\\LlLli.J) 

(4.5) <Y +\\\P<<nwi\p-^P<<nwi\\lili(j) + \\\P«nwi\p-^P>nWi\\lili(j) 

+ \\\P>NWl\^^^P«NWl\\LlL2^^^J) + \\\P>nWi\^^^ P>nWi\\l\LI{J) 

<Y + Bi+B2+B3 + Bi 
But 

Si < ll-^u'i|l^2i-i,-^2(p-i,+ (j^ll-^u;i|lL?+L--(j) 

(4.6) 

As for B2, B3 and ^4, we have (see also [19] for a similar argument) 
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and 



(4.9) 



B2<\\Iwi\r' \\P>nM ^ 



(4.7) <ZCi(J,«;0-^''^'""^'"^^''" 



N- 



5 — p 
AT -2-- 



(4.8) < fl^"" 



5_p ^l.s(J, Wi) 



^ ^S-p' ^l.s(J, Wi) 



-B4< ||P>ivU'if ^ 

ii(u>'-(f)/,«,r ^ 

5-p 

Af 2 - 
< 

;o S-p 



Therefore, by Proposition [Til gj]), dM]), (gj]), (gJl, gS|, (gj]) and a 
continuity argument we also get 

(4.10) Zi,,iwi,J) <Y 

• Sc < m < 1: it follows by interpolating between m — Sc and m = 1. 



5. Proof of Proposition 12.11 

The proof of Proposition 12.11 relies upon several conditions and three lemmas 
that we show in the next subsections. 

Lemma 5.1. " Concentration o/ ||^2(p-i)-j^2(p-i)+ implies concentration 

of potential term of the mollified energy " Assume that \\Iwi |L2(p-i)- ,2(p-i)+ , 

rj with 1] < rjo << l|j. Then there exist a := ct{p) > 0, a suhinterval K G J , R > 0, 
c := c{p) > , C := C{p) > and xq G such that 

(5.1) R :=C{r]-^AN^-'')"' 



''Recall that r/Q is defined in Proposition 12.21 
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(5.2) J^^_^^^^^\Iwiit,x)rUx >M-iiV-i)« 
for allt € K 

(5.3) \K\ = c{t]A-^N'-'^)"' 

Lemma 5.2. "Logarithmic growth of size of intervals on which there is 
concentration" 

Let {Jj = [(ij,aj+i])i<j<j be a partition of J such that ||/w(||j^2(p-i)-j^2(p-i)+^j^ = 
T] with T] « 1, j < j and \\Iwi\\ 2(p-i)- ^2^p-i)+, < rj. Then there exist tj G Jj 
and a := a{p) > such that 

(5.4) E^-=it-TT <{N'-^Av-'r 

Lemma 5.3. "If ||7ti;;||j^2(p-i)^2(p i)^^^^ large enough then large subinterval 
s.t Strichartz norms smaller compare to concentration of mollified en- 
ergy" 

Let M > 100. If K c J is a subinterval, let 



Z{K,wi) := \\dt{D) ^^IwiWlIlUk) + 11^^^ 
+ \\{Dy-hwi\\ ^ +\\{D)'-'^Iwi\\[.^2P^j,^ 



+\\{Dy-^iwi\ 



4(p~l) 4(p-l) 
7-p , p-3 



Then there exist a := a{p) > 0, rn := r]i{p) « 1, Ci := Ci{p) » 1, R € (l,oo) 
, [Si,Ti] c J, X €M.^ and R > 1 such that for all e < if 



l-'-oJ ||/w;;||^2(p-i)-^2(p-i)+(^^ > eV ' J 



then 

(5.7) Z{[Si,Ti],wi) < 3{mA-'N^"'r < E{Iwi{Si),B{x,R')) 



(5.8) 
and 



(5.9) 



\Ti-Si\>MR 



{x—x) 



L2 



< e 
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Assuming that Lemma 15.11 Lemma 15.21 and Lemma 15.31 are true, let us prove 
Proposition 12. II We apply Lemma [5731 with 



(5.10) e := _i_(iV^-i^^A-i)"7V^-M-4i 

The proof is made of several steps: 

• Construction of the free Klein-Gordon equation vi 
Let P{y): 

(5.11) E{Iwi{Si),B{y,l)) < ^{N^-^^,A-^r 



By (|2.ip there exists x S M'' such that, even if it means increasing the value 
of a, there exists x £ R'^ such that |x — i| < (N^^^'A)"' and such that P{x) 
is true. By this observation, notice (see [M]) that there exists a constant 
C » 1 and r G [i, i?' + CiN^-'A)"] by continuity such that 



(5.12) E{Iwi{Si),BiS,r)) ^ 3{N^-'rjiA-^r 

, since 



(5.13) 



E {Iwi{S),B{x, 0.5)) < E (IwiiS), B{S, 1)) 



and 



(5.14) 



E 



(/w;;(5),B(f,i?' +C(^i-^A)")) >e(^Iwi{S),B{x,R) 

> 3(iV"-i?7iA-i)" 



(5.15) 



even if it means increasing the value of a. 
Let vi be the solution of the free Klein-Gordon equation with data 

viiSi) :=/-i(x(^)M(5,)) 
dtViiSi) -.= 1-^ {x{^)dtIwi{Si)) 

where x is a smooth function such that xi^) = 1 if < 1 and x{^) = if 
\x\ > 2 

A computation shows that 



(5.16) 



Ec{Ivi,Si) <E{Iwi{Si),B{^,T))+o(^^ /j,<|^_.|<2rlM(^OI'rfa;) + 
^ (r/r<|x-f|<2r \Iwi{Si)\\VIwi{Si)\dx'j 



< {N''-^r]iA-^)°' + O (^N^-^'A- 

< (N^-^rjiA-^)'^ 



IwijSj) 
(x—x) 



L2 



o 



(x — x) 



L2 



and 



"'^''the value of € is not randomly chosen: see 115. 17t 
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(5.17) 

E {Iwi - Ivi,Si) < \ ^3 (1 - (^)) \yiwi{Sir dx +^ ^3 (1 - X''^' (^)) 
+ 1 If (1 - (^)) rf^; + i ^3 (1 - (^)) \Iwi{SO? dx 

+0 (i /r<|,_f |<2r \Iwi{Simiu{Si)\dx + /p<|,_5|<2r 1^(^01' dx) 
< (C£;7V2(i-s)^p+i _ _ eo)(Ars-i^^A-i)") (1 + /?) - 3(iV^-ir/iA-i)° + O (^N^-^'A 

+0 



IwijSi) 
(x — x) 



Iw,(S,) 




(x—x) 





1 



< C£;iV2(i-^)AP+i - (1 + 0(1 - eQ){N''-^A-^)°' - 2(iV^-ir/i^-i)" 

, by our choice of (3 (see (|2.10l) '). 
• Proof of the decay (|2.6p 

By Sobolev, interpolation ( since p < 5 and s > Sc ), (j5.8p and the 
foUowing dispersive estimate ( see [5], Lemma 2.1 ) 

(5.18) l|e^*^-^1l,-| ^^ll^ll^ 

we have, by letting 7 := 1 - (^rrryp^alj : 

(5.19) 

t ^ \ I' I ^3-2s ^3~2s ^j,^^^ t ^ \ , I 

LT-Bj? '{Ti,b) 



\Ti 


-s,\ 
1 


2 


m 


-Si\ 

1 


2 


\Ti 


-Si\ 


i-y 
2 



< (iV-i77iA-i)"^^ \\IviiSi)f,_ + \\dtIviiSi)\\l 



< (iV^-iryiA-i)" ^ (ri||/u;,(50||L2 +r^||V/w;,(5z)|U2 +r^||at/u;K5i)llL= 

< (7Vi-M)"^ 

A/ 2 

, even if it means increasing the value of a. Therefore (j2.6p follows by 
letting a := 

• Proof of the separation of the localized mollified energy ()2.4p . 
Notice first, that, in view of (|1.32p and ()5.16p . we have 

(5.20) Z{vi,R) < {N'-^T]iA-^)°' 

and therefore, in view of (15.71) , we have 



(5.21) Z{wi,[Si,Ti]) < (iV^-iryiA-i)" 

with wi :~ wi — vi. We have 



, . dtE{Iwi,t) = 43 K {dtmidttlwi - Am + Iwi + F{Iwi))) 

^ ' = /r3 K {dtIwi{F{Iwi) - IF{wi))) 

Therefore 
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(5.23) Eim,Ti)-E{Iwi,Si) = X^,^ + X^^^ + 

with 



(5.24) Xi.i := Jg'J^,^dtIwi{F{wi)-IF{wi)))dxdt 



(5.25) Xi,2 := !^,^{dtIwi{F{Iwi)~F{wi)))dxdt 

and 



(5.26) X2 := /r3 5ft(9t/t()i (i^(/wi) - F{Iwi))) dx dt 

It is enough to estimate Xi.i, X1.2 and X2. By the fundamental theorem of calculus 
we have \F{wi) — F{Iwi)\ < max (|/w/|''~-^, \wi\P~^)\Iwi — wi\ and therefore 



(5.27) 



\\P«NWif' ||P>jv«^/|| 4 4 



Lf^ Lr" {[Si,T,]) 

since (iV, s) satisfies (|2.7p . 

We turn to Xi.2. We use an argument in [T2|: on low frequencies we use the 
smoothness of F (F is C^) and on high frequencies, we use the regularity of u (in 
i?*). We have, by the fundamental theorem of calculus 

F{wi) := F {P«N'Wi + P>Nm) 
^5 28) ^ {P«NWi) + (^J^ \P«NWi + yP>NWi\P-''^ dy^ P>nWi 

+ (^0 + yP>NM'-' dy^ P>MWi 



Therefore 

(5.29) 
with 



Xl,2 ^ ||9t/w/||L~L2([5j_j-j]-)(Xi_2a + -'4^1,2,2 + -^^1,2,3) 

< N^-'A^{Xi^2A + ^1,2,2 + ^1,2,3) 
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-^^1,2,1 

(5.30) ^1,2,2 
^1,2,3 



= \\P>NFiP«NWi)\\LiL2j[Si,Ti]) 
= \\\P«NWi\P-^P>1^Wi\\l1L2J[Si,T:]) 
= \\P>NWl\\%^2p, 



'^Li^[S,,T,]) 

We have 
(5.31) 

^1,24 < j^\\VFiP<<NwO\\LlLiaS,,T,]) 

Lf''-" L^"'^ ([Si-Ti]) ^* ([■S'i,Ti]) 



(5.32) 



4(p-l) 4(p-l) 



^1,2,3 ;S ll^>JVW^'ll^ri^P([s,,T,]) 

, 3p-5 
||(_D> 2p MP 

(5.33) < jK^Ll^gs^.T^i, 

^ 5-p 

Therefore Xi^2 = o {{N'^^tjiA)") , since (TV, s) satisfies (f2Jl) . 
Now we turn to X2. By (|5.2ip and (|5.7p . we have 

(5.34) 

X2 < \\dt{D)-hwi \\LfLUls,.m II {D)HFiIwi) - Filwi))\\ 4 4 

([bi,lil) 

{\\{D)^iMLrLt'{is,,m + \\{D)^i'^i\\Lt^Lt~iis,m) 

= o {{N'^-'^riiA-^)"') 

Therefore ^2A\i holds since again {N,s) satisfies p. 71) . Notice also that, in view of 
([QUI , we have 

(5.35) E{Ivi,Ti) < {N'-^r]iA-^r 

even if it means increasing the value of a. 

5.1. Proof of Lemma 15. 11 The proof is made of three steps: 
• Control of auxiliary norms 



p-i 

^(''-i'-lJ<'-i>+([s,,t,]) 
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(5.36) 

Z{J):= \m^-"^Iwi\\L^^Lt(j) + \m^-"^Iwi\\ +\\{Dy--2lwi\\^^-^s-, 



+ \\{D)^ ilwiW 2(p-i) 6(p-i) 

L,"-^ L,''+^ (.7) 



Let Y := ((C£;A^2(i-s)^p+i _ /(^ „ eo){N''-'^T]iA-^)°'){l +(3)) \ We have 



Z( J) < sup.g,, (/u;, (t)) + II {Dy-h{\wi \P-'wi)\\ 4 4 

\'-'} 



(5.37) 

Z(J) 

<Y+\\{D)^-'^Iwi\\^Lt[.j) {\\P<<Nmr^l-r,-^.^,-^,+ ^^J^ + \\P>nWi\ 

<y + 77P-iz(j) + ^ 

Applying a continuity argument, we see that 

(5-38) < 7Vi-A4i 

since (A^, s) satisfies (|2.8p . 



p-i 

r2(p-l)- r2(p-l) + 



• Lower bound of the size of J 

If p > 4 then, by ([QS]) we have0 

V = II-^^'IIl2(p-i)-^2(p-i)+|.^^^ 
(5.39) < iiE^. eiiL 

\ / f p — 4 r P- 

and if p < 4 



(J) 



(5.40) < \J\^^\\{Dy-'^Iwi\\^^-^.+ ^j^ 

Therefore there exists a constant a :— a{p) > such that 



(5.41) I J| > (A-iAf'^-iyy)" 

• Lower bound of |lPj\/Wi ||l~l~(j) for some M e 2^^ such that M < f{A,N) 
We have, by (jS^g]) 



-'^-'^The sign it in 115.3911 and in 1 15.4011 denotes the plus or minus sign. It is not important to 
know whether it is a plus or minus sign: see the next computations. Therefore we have decided 
not to determine the sign. 
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(5.42) <ll(^)'-(^+)/^dll!3i4.(^)||(i^)-(^+)/^«dll^§(j) 

p + l 2(l-s) /I \ 1 2 

Therefore, even if it means increasing the value of a, we have 

(5.43) \\{D)-i^^+)lwih^L^(j^ > (rjA-^N^-'r 

and, by the pigeonhole principle, this implies that there exists M e 2^^ such 
that 



(5.44) WPmIwiWl^l^^j) > {M) — + {vA-'N^-^r 

Moreover 

Therefore, combining (|5.44p and (15. 45^ . we see that, even if it means in- 
creasing the value of a, we have 

(5.46) {M) < {AN^~-'tj-^)°' 

• Control of \P]\jIwi{t,x)\ for some a; G and for a\ltizK,KcJto be 
defined shortly. By (I5.44p . there exists {t,x) such that 

(5.47) \PMlwi{t,x)\ > {M)-^ + {t]A-^N'^^)°' 
But, by the fundamental theorem of calculus and p.ip 



(^Afi) \PMlwi{t,x) - PMlwi{t,x)\ <SUp,g((-t) \\dsIwi{s)\\Ll{M}2\t - t\ 

< {N^-'AT]-^)''\t-t\ 

, even if it means increasing the value of a. Therefore, in view of (j5.4ip . 
(|5.47p and (|5.48l) there exist c << 1 such that for all t e [t,t + S] (in this 
case let K := [t, t + S]) or for alH S [f — (5, i] ( in this case let K := [t — S,t\ 
), even if it means increasing the value of a, we have 

(.Aq\ \PMlwi{t,xo)\ >M^^+r,T^A-"^Nl^ 

^ ^ ^ > (,yA-iiV^-i)" 

and [i,t + 5] C J or [t - 5,t\ C J with 



(5.50) 6 := c{rjA^^ N^-^)°' 

• lower bound of potential mollified energy. Let i? > 1 to be fixed shortly. 
Let * := V' if M > 1 and * (/) is M = 1. By ([05)) we have[3 



-'^^Here / denotes the inverse Fourier transform of a function / 
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(5.51) M^{A + B) > (jyA^^iV'-i)" 
with 

(5.52) A := \^{My)\\Iwi{t,xo ~ y)\ dy 
and 

(5.53) B := \^{My)\\Iwi{t,xo - y)\ dy 
We have 



^554^ A ^ {llyl<HmMy)\'^ dyy^' [j^^^^^\Iw,it,x,-y)r^dy)^'' 

< 



and 



^^■^^^ <Af-i 11*11 ..n.,>M«.7Vi-A^ 



B <M-l\mLH\v\>MR)\\Iwi{t)\\L^^ 
Lmy\>MR)^ 

Therefore, by the inequaUty ||^||L2(|j^|>ji/fl) < -^-^-yH-, we see that there 
exists C > such that, even if it means increasing the value of a, if 

(5.56) R := CiTj-^AN^-")"" 
then 

(5.57) Mi\\i>\\r2 iVi-M^^ « (nA-iiV^-i)" 

and therefore ( even if it means increasing the value of aO we have 

(5.58) I\v-.o\<R y)!""^' ^ ivA-'N^-^ 

for ah t e K. 

5.2. Proof of Lemma 15.21 RecaU that, by Lemma [5.11 on each Jj, there exist 
Xj e M.^ and ii'j = [tj,tj+i] C J, such that 

(5.59) J^^^^^^^j^ \Iwi{t,x)\P+Ux > (7?A-i7V--i)" 
t & Kj, with i? satisfying ()5.ip and 

(5.60) \Kj\ = c{r]A-^N'-^)°' 
The proof is made of three steps: 
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• We construct (see [H]) a set V {ji, C [1, ...,M]. Initially ji — 1. 
Then let jk+i be the minimal j e [1, M] such that 

(5.61) \xj-x,,^,\ >\t,-t,,^,\ + 2R 

for j Observe that J = {Jj)i<j<m ^ [jj^ev^Jk '^ith ^4^^ := 

{I e [1, .., m], Z > jk, and {xj,^ - xi\ < \t■i^^ - ti\ + 2R} 

• Weighted long time estimate and lower bound of mollified energy, restricted 
to a ball. 

We chop J into subintervals (J;)i<;<i such that \\Iwi\\,2{p-i)- ,2{p-i)+, j , = 
rjo, ||/wi||^2(p-i)-^2(p-i)+^j^-| < ?7o. By (|2^ we have 

(5.62) L <XI^'P^'^- 

and combining this bound with Proposition 12.21 Proposition ll.Si Proposi- 
tion [TT7] and (|5.62p we see that 

(5-63) /./«3 'Y4'l" ^"^^ <iV^(i-)A^+i 

since {N,s) satisfies p.9p . Therefore 

This proves the weighted long-time estimate. Next, let us prove the follow- 
ing result 

Result : Let Xa e and let h >ta- Then 



(5.65) E{Iwi,Bixa,R + U-ta)) > E{IwuB(xa,R)) + o{{t^A-^N'~^Y) 
Indeed, by integrating the identity 

(5 66) ^* (l\dtlm? + i|V/wz|2 + Mil + _ (3?(9^M9,./z«,)) 

+5R (dJm{IF{wi) - F{Iwi))) = 

inside the truncated cone Af {(i,x), t G [ta,^b], t — ta + R > \x — Xa\} 
we have 

(5.67) 

{Iwi,B{Xa, R + tb~ ta)) - E {Iwi,B{Xa,R)) 
~ 2 ~^ p+l 

2 



+ 72 /oM ^^^t^"'' + '^^ - /m ^ {dtIwi{IF{wi) - F{Iwi))) dxdt 

Therefore, by repeating the steps from (I5.62p to (|5.63p . we get (I5.65P from 
(jEBT)) and ([OS]). Consequently, by (jSTM]) . ([5351) and (I53i)) 

we have 
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(5.68) 

^ 'D l^jkEV JJ J\x-XjJ<\t-tjJ + lQOR l + |t-tjj 

It suffices to estimate card P. Let := maxj,, . By applying - 

card V - times (|5.65p , by the construction of V and by (|5.59p we have 

(5.69) 

> E,,ev E {Iwi{t,,),B{xj, ,R))+o {{^^A-^N^-^r) card {V) 

> card {r){rjA-^N''-^)" 

Therefore, even if it means increasing the value of a, we get (|5.4p from 
(jE^ and (lEMl) . 

5.3. Proof of Lemma 15. 3[ The proof is made of several steps: 

• Long-time weighted decay estimates. 
Let xo G K^. 



We chop J into subintervals ( J;)i<;<l such that ||^2(p-i)- j^2(p-i)+j. 
f^Oi 1 < ^ < and 2(p-i)-,2(p-i)+,, , < 770. Then, by repeating the 

steps from (|5.62p to (|5.63p . we get 



Therefore (see Lemma 5.3, [M]) we have 



with 

(5.72) Xi:=[,L.^. .(^11^) ' dx^dt 

^ J J J\t\>\x-xa\ \{x-xo)'' J {t) 

and 



p+i 



But, by Holder (in space) and (|5.70p we have 



(5.74) ^ - JjJ|t|>|a.-a;o| (t> "^'^ 

and 
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(5.75) ^2 ^ IjS^P\x-xo\>\t\{-(~yl) (i|x-xo|>|i| 1^^' 

Therefore, even it means increasing a, we have 



(5.76) 



We chop J into subintervals ( Jj = [tj, ij4_i])i<j<,„ such that ||^2(p-i)-^2(p 

7j with T] defined in Lemma [STTl Therefore, using (|2.ip . we get, by Propo- 
sition [ 



(5.77) Z{Jj,wi) <N^-'A^ 

with Z defined in (|5.5p . By (|5.2p . there exists aij G K'^ and tj G Jj such 
that 

(5.78) E{Iwi{tj),B{xj,R)) > {N'-^-qA-^)"' 

and, by (|5.67p . we see that (with ta tj, ti, :— t, t £ Jj ) there exists 
rji > Q such that 



(5.79) 



E{Iwi{t),B{x,,R+\t-t,\)) > 3(7V^-ir/iA-i)" 

• We chop each subinterval Jj into subsubintervals ( Jj^fe — [tj^kTtj,k+i])i<k<Kj 
such that Z{Jj^k,wi) ~ (A^'^-iryiA-i)" and Z{Jj^k,wi) < 3{N'-'^r]iA-^)°' . 
Notice that, even if it means increasing the value of a, we have 



(5.80) Kj < (iVi-''??iA)" 

Next, given e < j^, we claim that there exists Co > such that 



P+i 



(5.81) log (Co) < 7V2(i-.)(^g-i) 

and such that for all 1 < fc < Kj there exists tj^k S [tj^k^ tj,k + Co{tj^k — tj)] 
such that (EH) holds: if not, for aU C such that log (C) » 7V2(i-«) {Ae-^^)P+^ 
, we would have, by (|5.76l) 



(5.82) 



^2(l-s)^p+l >j^' 



Iwijt) 



(X-Xj) 



p+1 



> logCeP+1 

and it would yield a contradiction. 

Now we claim that there exists (fcoijo) such that 



(5.83) \tj„,k„+i -*jo,fcol > l*jo,fco -*iol) 

with M such that 
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(5.84) M' - Co = 100Af(Co + 1) 

If not, this would imply, by simple induction on k, that ^ tj\ < 
(2M for all j and therefore, by (|5.80|) . there would exist Ci < 1 such 
that we have |Jj| < (2M')'^i(^'"'^)° for all j. But, by Lemma [Ol this 
would imply that 

log(l+n.(2M')^i<"^-^)°) ^ 1 

(5.85) (2M')Cl(«i- = ^)° - ^J = 1- l+j(2A/')Cl(«i- = ^)° 

< {N^-^-q-^A)"' 

Therefore log (m) < Ci(2M )*^i(^ (even if it means increasing the 

value of Ci) and, combining this inequality with (|5.8ip and (|5.84p . this 
yields a contradiction with (|5.6p even if, again, it means increasing the 
value of Ci . Consequently, 

(5-86) >m' {R+ \tj, - I ) - Co M - ho ) 

>M{R+\t,^^ko-tJ) 

and, choosing R' := R + \ij„_k.„ ~ tjoli Si := ij„^ko and T; := tjo,fco+i, we 
have dSUl), dSll) and ((Ol) . 



6. Proof of Proposition 12.31 
In this section we prove Proposition 12. 31 The proof is made of several steps: 

• Wedivide Jintosubintervals (if; = [t;,t;+i]i<;<TO) such that II/uijII 2(p-i)- 2(p 



rjo and o(p_i)_ o(p„i)+ < m (with rjo defined in Proposition [221 



). Notice that, in view of p.ip . we have Z(ii:i,u) < N^-'A'^ and, by 
iteration, in view of (j6.ip . we have 

3.1) Z{wi,J) < X^^^-'^-TVi-M^i 



Again, we divide J into subintervals (Jj := [tj,tj+i])i<j<k such that 

||/w;+l|L2(p-i)- 

ryo- Notice that 



/w;+i||^2(p-i)-^2(p-i)+^_,^^ =770,1 <j < fc and ||/u'/+i||^2(p-i)-^2(p-i)+^^^^^ < 



(6.2) k <^ L2(p-i)-(/ + 1) 

in view of (|2.2p . Notice also that, in view of Proposition 12.21 we haveF^ 

(6.3) Z{wl+^,J,) <N^'^A'i^xl%-'^- 



^^In fact we have a better bound: Z(wi^i, Jj) < N^~'^ . Xi, X2 will be estimated by 
using the bounds 116. 11 1. 1 16.31 1 respectively. Since we want an upper bound of Xi + X2, a sharper 
estimate for Z(io;_|_i, Jj) is not needed. 
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• Let T := wi — vi — wi+i. A simple computation shows that 

(6.4) 

dttir - AIT + IT = {IF{wi+i) - F{Iwi+i)) + {F{Iwi) - IF{wi)) + {F{Iwi+i) - F{Iwi)) 
Therefore we conclude that 

(6.5) IT{t) = ITi{tj) + Xi + X2 + Xs 
with 

(6.6) iriitj,t) := cos {{t - tj){D))ir{tj) + 

(6.7) X, := - Jl ^-il^lt^{IF{wi+,) - F{Iwi+,)) ds 

(6.8) X, :=-J^YjRi^^{IF{wi)-F{Iwi))ds 
and 

(6.9) Xs :=-Jl^-i^Lii^iFiIwi)-F{Iwi+,))ds 



Notice that 



(6.10) ^i{tj+i,t) =Ti{tj,t) + Yi+Y2+Y3 

with 



(6.11) Fi := - my^i+i) - J^(M+i)) ds 

(6.12) := - ilFim) - F{Iwi)) ds 
and 

(6.13) Ys := - +^ (^F{Iwi) - F{Iwi+r)) ds 

In view of the assumptions, it is enough to estimate ||/r||^2(p-i 
By the Sobolev embedding 



)- r2(p-l) + 



(6.14) < IIP)' ^=/r|i ^ 

jjj, (J) 

it is enough to estimate sup(^_^)_(i) _ \\{Dy-'-IT\\L^^Lr. By sum- 
mation over j, it is enough to estimate 

Z{j,t) := sup(^,,)_i \\{D)^-'''IT\\L<,Lrj[t^^t]) for all 1 < j < k and 

foxtj <t<tj+i. LetZ;(j) ■■^iinV(q,r)-^-waveadni\\{Df~'''^l{tj)\\Lf''-^'>Ll{[t^My 

There exists a constant C := C{p) > 1 such that 
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Z{j,t) <ZKj) + Csup(^,,) 

— i wave adm 

\\{D)^ ""XiW^LKlt^.t]) 

(6.15) +C'sup(q ,,)_i ||(Z))l-''<=X2||L9Lr([4._t]) 



and 



(6.16) +C'sup(g.^)_ 1 II(-D)^"''"^2||l^lj(j^) 

+ CSUP(^ ,,)_ 1 II (-D)^"*" 5^3 II L^L-(J^) 

• We are interested in estimating IKD)^^^'- X2\\l1L'-{J)- We write X2 
X^A + ^2,2 with 



(6.17) 



(6.18) 



X2,i :=-/; /'"%f^^ (Jf(^0-J^(^/)) 



and 



First we deal with ||(I?)^ '*=X2,21Il|lj;(j). By Proposition 12 . 21 we have 



\\{DY-^^X2ALlLli[t,A) ^ \\{DY-'^{F{wi) - F{Iwi))\\Lt^Lt-i.j) 

Ll+Lt-{.]) 



I^i ll^2(p-l)-^2(p-l)+^^^ 



(6.19) 



< 



,2(p-l)- .,1- 



iJ) 



Next we deal with \\{Dy ''''^2,i\\LlLz{{[tj.t]))- By ()5.28p . it is enough to 

bound \\{D)^-^^X2,i.i\\LlLrat,,t]), \\{D)^-^^X2,iM\^Ki[t,,t]) and ||(i^)i-^^X2,i,3||L?Lj ([*,,*]) 
with 



(6.20) X2A,i ■■=-ll '"'%f''^ 

(6.21) 



{I - 1) (FiP^^NWi)) ds 



\ 



Z2 



X2,ia '—-St 



_ _ ft sin {t-s){D) 



(/-I) (^^ |P«jv«^z(s) + yP>jv^^i(s)r"'^'>iv^i';(s)d2/) 



V 



ds 



and 
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(6.22) 



^2,1,3 := - ft 



ft sin (t-s){D) 



tj {D) 



(7-1) 



1 P«NWi + yPy^Wi 

P«NWi + yP>i^wi 



P«NWi + yP>NWi\P ^ P>nWi{s) dy 



\ 



Again, we use the smoothness of F {F is C^) to deal with X2,i,i. We 
have 



< 



||VF(P<<„t(;,)|| 4 4 

Lf; l3 ([t .,t]) 



(6.23) 



^ -N^\\P«NWl\Z2i^ 



i)+i'rt . tn \\^P«NWl\\Lt'^Li-([t,,t]) 



< 



N 



+1 \p 



As for -^2,1,2, we have 



(6.24) 



< 



/o 



II (|P«wii;; + yP>^wi \^-')\\LlLU^t„t]) \\P>NMLlLU[t, 

+ \\\P«NWi+yP>r,wi\P-^\\^,.^,^^^^^^^^^ ||(£))i-«cp>^^„j^,+^,_^j^^_^j^ 



*]) 



< 



< 



-(J) ll""ll'2(p-l)-,2(p 



+ 



.i)+^^^llW-i/-.IL4+ 



JV , 



by using the product rule followed by a two-variable Leibnitz rule 

(see Appendix with / := P«nWi and g := P>nWi, F{f,9) = \ f + Vdl^'^ 

and q = p — 2) 

-'^2,1,3 is treated in a similar fashion: we get 



(6.25) ||(i?)^--X2,i,3|U?^j([t„t]) < 

Finally we have 



(6.26) 



|KD)i-«=X2|U,ij(([,^,,]) < 



N 



iin((sc-^)-,(l-3c)-) 



Similarly 
(6.27) ||(D)i-«=F2|U?i. 



< 



N 



'((^c-3)-'(i-»=)-) 
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In order to estimate \\{D)^ '''=^i||L,'Lj([t,,t]) and \\{D)^ ^"Yih lL-jj,), we 
perform a similar decomposition to that in the proof of (|6.26p . using (|6.3p 
instead of (|6.ip . We also have 



. and 



• We are interested in estimating II ^-X3||i9ij([j^_t]) and ||(D)i '''^Falli^^jfj.). 

Since Sc > 5, there exist Q := 0{p), m < ^, {q,r) m- wave admissible such 
that 

^ > < fc^ * 

in view of ((2l^ and ((2Tf)) . Therefore 

(6.31) 

\\{D)^-^^X,\\r.r n n < ^ ''5''"^'- ^'.''"^'■'(fe ^ ''5^ ^1'''-^'+ 

(ll(^>'"^=^^nL^+L-([*,,*]) + ll(^)'-^^^r||^.+^.-(j,^_,,)) 
< [zp-\j,t) + kp-^ + i^i-') (fc« + ll(i?)^--/r||^.+^.-(j,^ ,j)) 

Similarly 

(6.32) 

ll(^)'^^^>^3||L|Ls([t,,6]) < (^^-^(j,t,+i) + fc^-^ + ^r') (A^'' + ll(^)'-^^/r||^..^.-(^^.) 

Therefore there exists a positive constant (that we still denote by C) such 
that 



(6.33) 

Z{j + l,t) < Zi{j) + C (77^-1 + fcP-1 + Zf-i(j,t)) {Z{j,t) + + ^ ^„!'((..- 
for t e [tj, tj+i] and 

(6.34) 



We claim that 



SCATTERING FOR 3D NLKG BELOW ENERGY NORM 



37 



(6.35) Zi{j) <ijo 

for all j, provided that C2 is large enough in (|2.16l) . Indeed, by induction: 

- Zi{l) = since wi+i{Ti) := {wi - vi)iTi) 

— assume that for all k < j we have Zi(k) < rjQ] then, by (|6.33p and a 
continuity argument we see that, even if it means increasing the value 
of C 



3.36) ^(^'^^ <Cmax|ZKj), fc^ ((,^_|) 

< Cvo 

Plugging (j6.36p into (|6.34p we have (again, even if it means increasing 
the value of C) 



(6.37) 

ZiU + 1) < Z,ij) + C {Sv'o^') (^max (^Z^U), fc^ + fc«) 



< Cmax Zi{j), fc^ 



N 



and, therefore by simple iteration, in view of p.l6p and (|2.19p . we see 
that, even if it means increasing C, 



provided that C2 >> 1 is large enough in p.l6p . Therefore (|6.35p 
holds, if k = j 

By (1121), (|05|) . (|05)) . (PT7|) . (PJ51) and ((m)) we see that 



(6.39) ||/w,||^2(p-i,-^2(p-i)+(|^^ <i(^ + l) 

7. Appendix 

7.1. Proof of Theorem 11.11 In this subsection, we give a short proof of The- 
orem [TTT] for small data {A < j^qq)- It relies upon well-known arguments: see 
[TU] for example. Assume that w satisfies (|l.ll) with data {wo,wi) such that 

\\iwo,Wi)\\HsxH^-^ <A< j^. 

LetZ(T) := ||(«;(T),9i«;(T))||^.,H=-i + ||7«||^.(,-i,^.(,-i, er^ + 

||(£))''-^w||i4^4[o_7^]. Then, plugging (D)"--^ into (|1.32p, we get 
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(7.1) < 
and 

Z{%nw) < \\{w^,u,)\\h.^h^-. + \\{DY-'H\wY"^w)\\ . . 

l^i (10,-1 J) 

(^•2) < T(5M + IK^)'"^^IU^iJ([o,T])lkll^2(l-i,^2(p-i)(jg^j) 

we get, by a continuity argument Z([0,T]) < 1. This proves global well-posedness. 
As for scattering, following the steps from p.63p to (j2.63p we have, for t2 > ti 

(7.3) 

<\\{Dr-H\wr'w)\\ , , 

< \\{Dy-iwh.L.j[t,M)\MLf Ll^--'\[t^M) 

This proves, in view of ([72]), that the Cauchy criterion is satisfied by K-iw"'"'(t) 
and therefore K~^?ii"'™(i) has a limit as t — > cx) and therefore w scatters. 

7.2. A two-variable fractional Leibnitz rule. In this subsection we prove a 
two-variable Leibnitz rule 

Lemma 7.1. "A two-variable Leibnitz rule" Let F E (C^,C) such that 
-F(0, 0) = and such that for all A G [0,1] and for all {zi, Z2,Wi,W2) G C** we have 

(7.4) |F'(A2i + (l-A)z2,Awi + (l-A)w2)| < \zi\" + \z2\" + \wi\" + \w2\" 
for some a > 0. Then 

\\Fif,g)\\Hs.. <\\f\\U\\f\\H^^^2 + \\g\\lMH^,,. 
^ ' +\\f\\trM\H^^'-2 + \\9\\tM\H^-^. 

assuming that (p,j'i,j'2,Pi,^2, ^^i, ^-2, ^2) ^ (1, 00)^ and 

_1 _a_ 1 1_ _a_ I _1_ 

(7.6) iii + iitii' 

p ri r2 ri r2 

Proof. The proof relies upon a simple modification of the one-variable fractional 
Leibnitz rules (see [5]). We recall the following inequalities (see for example ^20j ): 
given g : R'^ — >■ C a function, we have 

(7.7) /j,3 \PnM^) - PN^qivmNA^ -y)\dy< min l)il4(Pjv.g)(a;) 
and 

/r3 1^^29(2;) - PN2q{v)\\i^NAx - v)\H{y) dy 
^ ' ' < min 1) (^MhiPN2q){x)MhH{x) + Mh{\PNAH){x)) 
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with iNi,N2) e 2^** eN, H a. nonncgative function, ^pniO V' [jj) (if M £ 2^), 

Pm Pm^.<2m i^iM e 2^*), P, P<2 and (Af,(/))(x) := sup,>o jB(k^\ '^y- 

Recall also the Paley-Littlewood inequalities (see [TB] ) 



(7.9) l|i^(/,5)l|H=- < \\Pi{Fif,9mLp + &,e2»* iVflP^.(F(/,ff))l2) 



and 



LP 



(7.10) 
We write 



< 



\H'.p 



LP 



(7.11) 



with 



(7.12) 



P^,(F(/,g))(x) 

= /r3 F{f{y),9{yWNi {x - y) dy 
= /k3 iF{fiy),giy)) - F{f{x),g{x))) ^m^x - y)dy 
= Ai+A2 + A^ + Ai 



lo /k3 \d.FiXf{y) + (1 - \)f{x),\giy) + (1 - A)g(x))||/(y) - /(x))| |^Ar,(a; - y)\dXdy 

(7.13) 

^2 /o /r3 |9.-F(A/(y) + (1 - A)/(x), A5(y) + (1 - A)g(x))|l/(y) - /(x)| |V'^,(x - y)\ dXdy 



(7.14) 

^3 := /o /k3 |9^„i^(A/(2/) + (1 - A)/(a;), Ag(2/) + (1 - X)g{x))\\g{y) - g{x)\\ijNAx - y)\dXdy 
and 

(7.15) 

A4 /„Vk3 |a^i^(A/(2/) + (1 - A)/(x), Ag(2/) + (1 - X)g{x))\\g{y) - g{x)\\^NAx - y)\dXdy 
Let us deal for example with Ai. 

(7.16) 

E^,e2»* ^1^^? ^ E^,e2«* ^i'^ (/k3 I/(y)n/(2/) - /(a:) 11^^, (a; - y)\dy)^ 
+ E^,62«* 1/(2^) I'" (/k3 1/(2/) -/(a;)l|V':v,(x-y)|dy)' 
+ Eiv,62^* (43 l5(y)n/(2/) -/(a:)||V':v,(x-2/)|dy)' 
+ EAr,e2«*^^f'l3(^)l'" (/K3|/(y)-/(x)||V^,(x-y)|dy)' 

^ ^1,1 + ^1,2 + ^1,3 + ^1,4 

We have 
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(7.17) 



< 



/k3 \f{yT\PNAf)iy) - PNAfKxmNA^ - y)\dy 

^ ^1,1,1 + ^1,1.2 



2 



But, by 
(7.18) 

^2 < f iM^i\fi^r)rEN.e2'^' N?^ {En,.<n.^MMPnJ){x))] 

Now, by Young's inequality we have (since s < 1) 
(7.19) 

<EAr,e2»^f1«A'il' 

which imphes that 
(7.20) 

< {Mh{\fix)nfEN,e2«Nf-^ {MhiipN^Dix)))' +EN,e2«N?^ (MMlpNjWfnix)))' 

and therefore, by Feffcrnian- Stein maximal inequality 7 , Holder's inequality and 
(fTTTOl) we have 

(7.21) Pi,i,ilU^< 11/112.1 ll/lk-- 

Also, by (|7.8p we have 



(7.22) 

^2 ^( {Mh{\f{x)n? E^,e2- ^i' i^N2>m MMPN2f){x)) 
'''''^ \ +Eiv,e2«-^i'^ (Eiv.>^,A^'.((l^ivJ||/r)(x)))' 
But, by Young's inequality (since s > 0) 

(7 23) ^Nie2«'' ^l" {J2n2>Ni\"-N2\) ^ J2Nie2^'' {J2n2>Ni (^^^ ^2l«A'2l) 

<EN,e2-Nt\aNA' 

and therefore (|7.20p also holds if is substituted for v4i,i.2. 

The other terms ( ^1,2, ^1,3, ^1,4 and then yl2, A3, A^) are treated in a similar 

fashion. 
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We also have \\Pi{F{f,g))\\L. < \\F{f,g)\\L.. Then writing Fif,g) = F(/,.9) - 
F(0,0) and applying the fundamental theorem of calculus, we see that ()7.5p holds 
if s = 0. 

□ 
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